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Abstract: In this paper we continue some investigations on the periodic NLSE 
iu; + Uy +ulu|\?-? =0 (p S 6) started in [LRS]. We prove that the equation 
is globally wellposed for a set of data ¢@ of full normalized Gibbs measure 
e PH) Hd d(x), H(o) = 5 f |¢’'? - . f ||? (after suitable Z?-truncation). The set 
and the measure are invariant under the flow. The proof of a similar result for the 
KdV and modified KdV equations is outlined. The main ingredients used are some 
estimates from [B1] on periodic NLS and KdV type equations. 


1. Introduction 
Consider the nonlinear Schrodinger equation (NLSE) in the space periodic setting 
ip igual? 2 =o, (1.1) 


where u is a function on xz x R on a xJ (J = an interval [0,7t]) with an initial 
condition 


u(x,0) = ~(x), (1.2) 


where @ is a periodic function of x. Here x stands for the circle, i.e. IR/Z. 

In the nonperiodic case (replacing x by IR), the Cauchy problem for (1.1) 
(1.2) is well understood (see for instance [G-V]). One has a local solution (in 
the generalized sense) for (1.1) if p—2 S ;4. and data » € H*(R),s = 0. The 


exponent > is called H*-critical (in 1 space dimension). If p 2 6, there is even 
for smooth data a possible blow up. In this discussion, the existence result is in fact 
a global (or local) wellposedness theorem, in the sense of uniqueness and regularity. 

In [B1], we have developed a parallel theory in the periodic case, although 


incomplete so far. The following facts are shown in [B1]. 


Theorem 1. ( p = 4) The cauchy problem’ 


' The result holds both in focusing and defocusing case (with same proof). 
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iu, + Uy, + ulul? = 0 
(1.3) 


u(x,0) = g(x) 


is globally wellposed for data » € H*(x),s 2 0 and the solution u is in C(R, 
H*(x)). If u, v are the solutions corresponding to data o, Ww € H*, there is the 
regularity estimate 

u(t) — vas S Clo — Ws, (1.4) 


where C depends on the L?-size of the data, i.e. 
C = C(llolle, |lell2) - 


Theorem 2. (p > 4) The cauchy problem? 


iu; + Uy, + ulul?~? = 0 
{ (1.5) 


u(x,0) = p(x) 
is locally wellposed on a time interval [0,t] for data o € H*, s satisfying 


s>0O for pS6 and s>8,p—-2= for p> 6, 


4 
1 — 2s, 
where t = t(||||ys) > 0. Again the solution u is in C({0,t],H*) and depends in 
a Lipschitz way on . The dependence of t on |\\||;' is power-like (see (2.24), 
(2.25) below). 


Our investigations in the periodic case originate from the work of Lebowitz— 
Rose—Speer [L-R-S] on the statistical mechanics aspects of the flow. In fact, we 
will complete here some of their investigations by proving the invariance of the 
measure they introduced on a certain (natural) statistical ensemble. In the case 
p = 4, one basically has to combine their work with Th.1 on the existence of the 
flow. For 6 2 p > 4, there is a problem, in the sense that the flow is only locally 
defined, on a time interval depending on the size of the data in H*-norm (s > 0 
arbitrarily chosen). For 1 > s > 0, there is no apriori bound on ||u(t)||qs. It is 
possible however to combine the local existence result and the invariant measure 
ideas to construct both the flow on the statistical ensemble and the measure. This 
gives in particular rise to global solutions of (1.1), (1.2) for 4 < p S 6 and data 
oy € H*(x), s < 1°). More precisely, for almost all @, the random Fourier series 


Pawo(X) ==. 4) + > INO) conips ; (1.6) 
jez J 
j+*0 
where a € C and {g;(w)} independent L?-normalized Gaussians yields for p < 6 
a “good” data, meaning that (1.1), (1.2) with @ = Qaw is globally wellposed. If 
p = 6, the same statement is true, provided one imposes a restriction 


Paall2 <¢c1, (1.7) 


where c, is a certain positive constant. This restriction is linked with the discussion 
in [LRS] on the definition of the measure. 


2 The condition p < 6 is only needed for the normalizability of the Gibbs measure and may be 
dropped in the non-focusing case. 
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The natural conserved quantities for the NLSE (1.1) are the 


L?-norm: 
N(u(t)), where N(¢) = [\b(x)/?dx . (1.8) 
Hamiltonian: 
H(u(t)), where (6) = 5 J\p"e)Pax — = f16G)lPae (19) 


The (unnormalized) measure studied in [LRS] is formally given by 


exp[—BH(¢)] L12o(x) (1.10) 


where f > 0 is a parameter. In order to make this measure normalizable, one 
imposes a bound on the L?-norm of @, i.e. 


N(o) <B. (1.11) 


For p < 6, B may be chosen arbitrary, for p = 6, B is a specific constant. From 
the L*-conservation, a cutoff (1.11) is clearly acceptable. The conservation of the 
Hamiltonian (1.9) implies the formal invariance of (1.10). Our main problem is to 
make this rigourous. One approach is to replace the NLSE by a discrete system 
(ODE) (cf. [ML-S, Zh1]) 


or 


+ Gn—) — 2 1 = 
aH + ch 5 5 (Ines sU 9n—1)|Fn|? a 0, (1.13) 


where n=0,....N—1€Zy =Z/NZ, h= ot and thus the unknown function u 
from (1.1) becomes now a vector valued time function g = (90, q1,°°:,9n—1). Both 
(1.12), (1.13) are Hamiltonian. In case of (1.12) the Hamiltonian is given by 


1d, + 


] 
H(q) = = Di ldgnvi — nl” — GAD Mal? (1.14) 


and one defines a statistical ensemble by normalizing the density e~?”@ on a 
if 
suitable ball (= an?) in CX. 


Up to some technical difficulties due to replacement of the circle 2 by the cyclic 
group Zy, the estimates from [B1] carry over to the discrete case (with regularity 
bounds independent of N) and on finite time intervals the Cauchy problem (1.1), 
(1.2) is essentially the limit of (1.12) for N — oo. In the case p > 4, the invari- 
ance considerations are exploited on the discrete level to improve on the existence 
results of [B1] for individual functions. Passing to the limit for N — oo in a proper 
way (using the Fourier transform) yields both global solutions almost surely in the 
statistical ensemble and an invariant measure. 

In carrying out this program, we will rather follow the method used by Zhidkov 
(See [Zh2]) that will avoid harmonic analysis on cyclic groups. Fix N and define 
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Py = Tip(njen™, (1.15) 
In] SN 


the N' partial sum operator in the trigonometric system. Consider the equation 

. =) 

iu’ + uN + Py (uu? ) =0, (1.16) 
where u™ has the form 


uX(x,t)= Yo a,(t)e?™ . (1.17) 


In| SN 


We identify uv” and @ = (ay)in\<y through (1.17). Equation (1.16) is Hamiltonian 
since it may be written as (4 denoting the 0- differential of the functional) 


da 6) 
where 
\ P 
H(a) = 2n? St n’|an\? ——f| 5 ane?™™| dx. (1.19) 
|n| SN Pr |\n|SN 


Thus (1.16) will be our finite dimensional models. Zhidkov uses this technique 
for nonlinear wave equations uy — Uy, + f(x,u) = 0, where f is real continuously 
differentiable with size estimates 


If@,u)| 
(1+ u?)!/ 


In fact, it is observed in [Zh2] that the NLSE may be treated as well by this method, 
up to a sufficient knowledge of the Cauchy problem. For p = 4, this information 
is given by Theorem | above. For 4 < p S 6, the space L7(7) has to be replaced 
by H*(z) for some s > 0, there is the difficulty that Theorem 2 only yields local 
solutions. The main steps in what follows may be summarized as 


(i) The Cauchy problem for Eq.(1.6) (with bounds independent of N’) and the 
convergence of solutions of (1.16) to solutions of (1.1). 

(ii) Construction of invariant measures for (1.16). Use of the invariant measure 
to piece local solutions to global solutions on large subsets of the statistical 
ensemble corresponding to (1.16). 

(iii) Global wellposedness of (1.1) for almost all data @ in the Wiener space with 
suitable L? cutoff. 

(iv) Invariance of the limit measure. 


+8, f(x,u)| <A. (1.20) 


As in [L-R-S], this limit measure is just a certain density on the space of periodic 
Wiener paths. The method of [B1] is very flexible and permits us to deal with 
other nonlinearities than those appearing in (1.1), including a nonlocal nonlinear 
expression Py (u\u|?~?) appearing in (1.16). There is essentially no change in the 
argument. 

We mention also preprints by H. McKean and K. Vaninsky ({McK-V1,2) where 
invariant measures are constructed by purely probabilistic techniques. 
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2. Estimates Related to the Cauchy Problem 


In this section we will summarize the 1-dimensional results from [B1] and elaborate 
on certain aspects needed later on. We will indicate the main ideas for proofs which 
appear in detail in [B1]. 
Consider a NLSE 
iu; +i, + T(u) =0, (2.1) 


where u iS a space periodic function of x and I(u) a function of u (with not 
necessarily local dependence). For proving local wellposedness results, replace (2.1) 
by the equivalent integral equation 


u(x,t) = S(t)d + if s(t —s)I'(u)(s)ds , (2.2) 
0 


where u(x,0) = f(x) and S(t) is the unitary group associated to the linear equation. 
Thus 


S()W(x) = Dimer"? (2.3) 
is the solution to 
Uy + Ux — 0 
‘ (2.4) 
u(x,0) = W(x). 


The method consists in applying Picard’s fixpoint theorem to obtain a local solu- 
tion to (2.2), choosing the time interval ¢ € [0,t] sufficiently small depending on 
the size of the data. The loss of integrability due to the nonlinear term I(u) 1s 
compensated by certain “regularizing” effects of S(t) (as in the IR-case, where one 
uses Strichartz’s inequality ). 

There is an L*-inequality 


ISCOWlz4axtony S CllWl2@ (2.5) 


and also 
1 


bs f dia(n, Ajeet) < c( fds + A + 2))Hla(m AP) . (2.6) 


LA(xx[0,1]) 
One has the “almost” L°-inequality 
IS@Wlr6cnx 10,13) < NW llz2(7) Qi) 


if supp Cc [-N,N]- 

In previous inequalities x € 2, t € [0, 1] (they are local in time). The (necessary ) 
presence of the N*-factor in (2.7) is one of the differences between the periodic 
and IR-case. Rewriting the integral in (2.2) using Fourier transform, one gets 


a - gilt _ o~in't 


> The symbol “<” has the usual meaning: For each ¢ > 0, there is a constant C, for which the 
inequality holds. It would be very interesting to decide whether the bound is logarithmic in N. 
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There is no problem with possible smallness of the denominator 4 -+n* because 
t € [0,1]. Consider the case of a cubic nonlinearity, i.e. 


P(u) = uu? (as in Theorem] ) (2.9) 
or 
T(u) = Py(ulul|’) (cf.(1.16) with p = 4). (2.10) 


We use L*(x x [0,1]) or L*(x x [0,7]) to perform the fixpoint argument. Inequality 
2.5) takes care of the S(t)¢ term. For the integral term (2.8), there are essentially 
the contributions 


> f ql pista) (2.11) 
Miatn|>1 At 


and oe 
I'(uy(n, A) 


se el(m—n't) (2.12) 
n 


e| fa 
nM 1 \Atn2|>1 


which are estimated using (2.6) and the dual inequality. Thus 


Noh 


Fun, ay) 


2.11 <C ad j}——___——= 
ie Whe4nx{0,1]) = >) 1+ +213 


Ni 


Fun, a) 
<c| vfaat———— 
n 1+ |A+n?|4 


S CIO, on (2.13) 


and by Hdlder’s inequality 


Nl 


Fun, a))\ 


(2-12 )[r4 (nx 0,19) sc 2. Jar, + {A+ n?| 


Fwen,a)) 


A 


<c| fa 


PaaS C\lP)lla. (2.14) 
n L+|a+n24 ° 
Since Py is bounded on L?(x)(1 < p < 00, independently of N), in both cases 
(2.9), (2.10) there is the estimate Tolls < Cllulli. 


In fact, from the extra saving on the power of the denominator 2 + n”, one may 
obtain a bound C - 7° - |u|} replacing the time interval [0,1] by a small interval 
[0,1]. Here 6 > 0 is some constant. Similarly, one shows that 


li S(t — s)I'(u(s)ds — i S(t —s)I'(v\(s)ds 
0 0 


L4(n x [0,1}) 
SC + 1%({fulla t llolla) lu — olla. (2.15) 
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Hence, for t = t(||l,) < aT ae TsIpe small enough, the contraction principle is easily 
verified. Observe from the preceding that we have bounded 


; _ Fane, a 
lMllzeorg S Illa + | J rep rary 


S [Plo + Chula , (2.16) 


and in fact shown that u € C({0,t]; L?(z)). 
If u, v are the local solutions corresponding to data ¢@, w, one has for t € [0, tT], 


||u(t) _ WE) || 22¢n) S 2\|o _ Wllr2(n) ’ (2.17) 
which is the regularity property. The discussion of the cubic case for H*, s > 0, 
instead of L? is similar. One just introduces an extra oS in the preceding. The time 
interval [0,7] however only depends on ||¢||2, conserved under the flow. From this 
conservation, the local wellposedness theorem leads to a global result. One has the 
regularity estimate 


llu(t) — 0) |lascay SCM — Wiley » (2.18) 


where C = C(||¢II2, || lz). 

The analysis for p > 4 in Theorem 2 or (1.16) is more complicated, mainly 
due to the presence of a factor N* in (2.7). Here we are unable to deal with general 
L*-data. The local result requires ¢ € H*(z). Any s > 0 will do for p < 6. The 
norm used to apply a contraction principle is expressed using Fourier transform 


1 


ell, = upd +K)? (0 + |n|)* J ana (2.19) 


KS|Atn?|S2K+1 


where we let K take dyadic values. We consider functions u on x x [0,7] given by 
a Fourier series | 
u(x,t) = Si fda an, Aye) (2.20) 
n 


on z x [0,t]. There is no uniqueness and (2.19) is obtained as infimum over rep- 
resentations (2.20). To make estimates on (2.8), one considers a Littlewood—Paley 
decomposition of u w.r.t. the x-variable, thus 


u= >) uysuy = Pyu-Pyu, (2.21) 
M dyadic : 


and writes the nonlinearity u|u|?~? as 


u\ulP—* = eh tim, tim,H(Piom, ¥) (2.22) 
eae?) 
dyadic 


with w@=u or d= u. If p= even integer, for instance p = 6, this is purely al- 
gebraic. For other values of p, one uses the fact that z|z|?~? is sufficiently dif- 
ferentiable. The main idea is that the first factor uy, takes care of the M* factor 
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appearing in the definition of the norm (2.19) and the M,° associated with the sec- 
ond factor uy, takes care of N*-factors appearing when estimating the norm (2.19) 
of the summants in (2.22) using (2.7). See [B1] for details. 

If 6 € H*(z), s > 0, one gets a local solution for p < 6. The time interval t 
of existence depends on s and ||@/|,. On that interval [0,7], the solution u is in 
C([0,t]; H*7)). If u, v are the solutions with data ¢, w, there is the regularity 
estimate 


u(t) — (Ilys, S 2G — Wl]ys, for all 5, , (2.23) 


provided t < t = 1(59, ||| ,75) + l|Wl,s9 ), for some so > 0. 
It is of importance to notice that the size t of the time interval depends on the 
|| |ls-size of the data as a power. More precisely, if p < 6 one has 


tT > C(p,s (2.24) 


Pees 
(L+ |p|? 


and for p = 6 
C(s) 


> ooo =n 
(1+ |¢l,° 


The problem to build global solutions from this local result is that ||u(¢)||, is not 
conserved under the flow of the NLSE and there is no apriori bound for 0 < s < I. 
We will show in this paper how the invariant measure yields a substitute for a 
conservation law, considering the [VP for a set of data rather than a single function. 

Equation (1.16) corresponds to a vector valued ODE in (@,)),;<y- From the 
apriori bound (1.18), the solution has to remain bounded and hence is defined for 
all time. On the other hand, the same argument mentioned above for the NLSE (1.1) 
permits to prove a local wellposedness theorem for (1.16) with bounds independent 
of N, for an initial data bounded in some H*, s > 0, thus 


(2.25) 


1 


( 2 sk ni C3 (2.26) 


|n| SN 


where the size of the time interval [0,t] depends on (2.24). Using the invariant 
measure argument, we will improve on this statement for certain data. The next 
problem is then to compare solutions of (1.16) and (1.1). The main result is given 
by 


Lemma 2.27. Let p < 6, s > 0,9 € H*(z),|\|o||, < A and N a large integer. As- 
sume the solution of 


iv, + Vy + Py(v + |v|?~?) = 0 


v(x, 0) = 2 @(n)e™™ (2.27) 
In| SN 


(we denote u% in (1.16) by v) satisfies 


lvls < A for ¢t ST. 
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Then the IVP (1.1) 


iu; + Ux, + ulul?~? = 0 
(2.28) 


u(x,0) = o(x) 
is wellposed on [0,T] and there is the approximation for t < T and 0 < s, <5, 
u(t) — v(t)]ls, < exp [C(p,s)\ + A)? - T] NWS, (2.29) 


provided the expression on the right in (2.29) remains < 1. The constant C,( p,s) 
does not depend on s for p < 6. 


Proof. The proof follows the methods of [B1]. Fix 0 < s; < s and denote t the 
time interval given by (2.24), (2.25) for a data bounded by 4 + 1 in H*!-norm. The 
information on [0,7] will be obtained by piecing together estimates on intervals of 
length t. One has the bound 


I 


e(0) — 0(0)]]5, = ( mean < N84 (2.30) 


from assumption. Assume for ¢ S fo we obtained 
l|e(t) — v(t)Ils, < 6 < 1. (2.31) 


Thus ||u(t)||s, < [lv(4o)|ls, + 6 < 4+ 1. From the local regularity theorem for the 
NLSE, the IVP 


iuy + Uxx + ulul?-? = 0 
1+ Up + uly (2.32) 
data u(tg) at t = fo 
iul + ul, + u'|u’|P-? =0 
(2.33) 
u'(to) = v(t) 


are wellposed for t € [t,o + t]. Moreover, from the regularity, there is the approx- 
imation for t < +1, 


l|u(t) — u'(t)|,, S 2llu(%) — w'(o Ils, < 26 (2.34) 


by (2.31). Next, we need to compare u'(t) and v(t) on [%, fo + t]. Since the initial 
conditions are the same, the integral equation (2.2) gives 


u'(t) — v(t) = if's(t —t)F(t)dt, where PF =u'\u'|\?~* — Py(vjvj?-*). (2.35) 
0 


Split the expression I" as 
DT =u lu’ |P-? — Py(u' |’ |P-7) + Pru |u|? -* — vlv|P7). (2.36) 


Denote ||| |||,, the Fourier restriction norm given by (2.19) relative to the interval 
[fo, fo + t]. We estimate |||’ — v|l|,, from the right side of (2.35). 
From the estimates of, [B1], the first term of (2.36) contributes essentially as 


—2 
C+ Ulla! — Py, u'|, Meee ~ C37) 
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where N; ~ N. For the second term in (2.36), one gets 
Colle — oll, (Ulu’ll,, + Wells, °°? - (2.38) 
From the local theorem one has 
le‘Il,, S Cll’ dlls, = Cleo dlls) < CA, 
Holl, S ClloWodllsy < CA, (2.39) 
and the choice of t yields 
lee’ — vlll,, < ile’ — Pr, we'll, - (2.40) 
Considering s > s; rather than s;, the local result also implies 
Mee"Ill, S Clio ils = Coo )\ls < CA (2.41) 


from the assumption in the theorem. From (2.41) and definition (2.19), it follows 
that 
lu’ — Py,u'll,, S CAN = CANS (2.42) 


For t € [fo, to + t], estimate (cf. (2.16)) 


pra 2 
,A 
Ihe) — wIf,, = ¢ | DP pe al 


1+ |A+n?| 


< C(|lju’ — olll,, + lle’ — Pryw'lll,,) < CANS (2.43) 
applying (2.40), (2.42). Combined with (2.34), this yields 
llu(t) — v(t)\|s, < 26+ CAN" ™. (2.44) 


Break the interval [0, T] up in subintervals of length t. For ¢; = jt, 7 = 9,..., 
one gets by (2.30), (2.44), 


I|u(t;) = v(t; )|| = Oj41 < 20; + CAN*1~* (2.45) 
09 < N*1-*A 
hence . 
5; < CUTAN , (2.46) 


Here J < 4, where t > C( Psa cipa according to (2.24), (2.25). Estimate 
(2.29) follows, provided this quantity in 1-bounded. This proves the lemma. 


Remark. 

(i) Of course in the main application of (2.29), the parameters p,s,A,T will be 
fixed and N — oo so that the precise form on the inequality is not important 
there. 

(ii) A similar result (with the appropriate interpretation) may be shown when com- 
paring solutions of the ODE (1.12) and solutions of (1.1). 
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3. Invariant Measure for the Modified Equation (1.16) 


Recall (1.16) 


iuy + Uxx + Py(ulul?~?) =0, (3.1) 
where | 
u(x, t)= > a,(t)e?™™ . (3.2) 
|n| SN 


There is a conservation of 


(3.3) 


ee os 
= 
iA] 
= —_— 
SS 
= 
are 
AM”—__ ee” 
Nh 


and 
p 


Side | ae: (3.4) 


\n| SN 


H(a) =2n’* X~ n’|a,|? - —J 


In| <N 7 


Equation (3.1) has the advantage on the original NLSE (1.1) that the phase space 
is finite dimensional (C2%+! or IR2@"+")) and the flow is defined for all time. Since 
(3.1) is equivalent with the Hamiltonian equation 


(3.5) 


the flow preserves the Lebesgue measure on the phase space IR?@Nt) ~ (24+! in 
which coordinates are the real and complex parts of a = (ap) \n\<w- 


Let B be a cutoff in L* (to be specified) and consider the ball €7"+', 


an {on | (Sle?) < a} | (3.6) 


invariant under the flow. 


Let p = py be the measure on (7% = Cra with normalized density 
n+0 


2 2 2 
poor tal <N,n+0" lan| 


Jane 2™ La" |an|? ee) 
This measure is also the image measure on C7" under the map 
Gn @) 
5|n] SNn+0? , 3.8 
om | inl s nwo} 3.8) 


where the {g,} are independent equidistributed complex Gaussian random variables. 
The statistical ensemble will be the measure space obtained by endowing 2 with 
the measure* 


2TINX 
dij dines ep) lane Pax (day ® pn) (3.9) 


which, by construction, is invariant under the flow. 


4 Alternatively, one may redefine the equation replacing —4 by —4 + 6,6 > 0 to avoid the prob- 
lem with the zero Fourier mode. 
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Thus pi, is a weighted Wiener measure restricted to Qy. The density satisfies 
uniform L!(dpy )-estimates for p < 6 and if p = 6 provided the cutoff B is suffi- 
ciently small. The proof of this last fact appears in [L-R-S]. We give another proof 
here which may be easily adjusted to other densities. 


gn(@) 2ninx ||? 
Saas gaa 


Lemma 3.10. The function oll ns Py is in L'(dq@) for 


1 
foe lento") 2 <B| 
Dp < 6 and B arbitrary and for p = 6, B sufficiently small. 


(We won’t go into finer details concerning best possible value of B if p = 6 here). 


Proof. We estimate the probability 


Pjo| [pean >, (nee) < Bl. (3.11) 


P 


Split the trigonometric system into dyadic blocks. From the second restriction and 
the obvious estimate 


Sane |] < M27? Sane™ (25 po), 
n~wM p 2 
the property | DA ei | p > A yields some 
1 
A\ it 
M>M= (5) ae (3.12) 
such that 
Y> gn(w)e™|| > oyMa. (3.13) 
n~M p 
Here (a )m>m, 18 a sequence of positive numbers satisfying 
S> ou <1. (3.14) 
M>Mo 
M dyadic 


To estimate the contribution for individual M, consider the subspace [e”"|n ~ M], 
of L?(x) generated by the characters (e’””),..4 and a norming set? of functions 
o € &, such that 


1 
max |(f,9) 2 5llfllp for all f € (e™* | n~ M] and 
~ 


loll, S$ M27? forge é, (3.15) 
log || < CM . (3.16) 


> Given a M-dimensional subspace S of a normed space X, one may always find a subset € of 
the unit of the dual X* of cardinality |€ < cM such that Cf, )| 2 1 f\|, for all f € S. In 
pe 


the present situation, replace ¢ by its orthogonal projection Ps € on S, for which (3.15) clearly 
holds, by the Hausdorff-Young inequality. 
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S> gne™|| > oyMA, then | gn) Por > oyM2- PA for some @ € ¢ (by 
nvwM 


(3.16)) and this event has probability at most 


If 


exp (—co2,M!*> 22) . (3.17) 


Summing over different > Mo, (3.10) is the most (A > 1) 


2 1+ 
2: gpl 50 P 
pe P fae 
2 eM coo A < e cM, 2 : (3.18) 
M>Mo 


1 
letting oy = Mo? + (42) * for M > Mo. Here Mo is given by (3.13). The inte- 
grability of the function considered in the lemma requires thus that 


WP < CB 277427? (3.19) 


for A large enough. If p < 6, this is satisfied for all B and for p=6 if B is 
sufficiently small. 


Remarks. (i) The previous argument permits to reformulate the lemma with L*(da) 
(or any other finite moment) instead of L'(dw) as well. This permits us to ensure 
that small sets for the Wiener measure are small for py also. 

(ii) In the preceding we discussed the normalization of e~?“IIda. One may 
instead have considered e~’") [Tda for some f > 0. 
For 0 < s < 4 and K > 1, consider following subset of Q = Qy,z: 


O* = <G@EQ|I] > ane™ <K}>. (3.20) 
|n| SN H5(n) 
Since clearly 
] 
|gn(@)|? a —cK2 
IP —————— |} >K|<e™ , 3.2] 
ol Sater iii 
one has 
2 2 
pn(Q\Q**) < e~*® and py(Q\Q**) < e7* (3.22) 


by previous remark. 

We now come back to Eq. (3.1). If p = 4, there is a regularity theorem wrt the 
L*-norm (independent of NV). For 4 < p < 6, one has a uniform regularity result 
for data g € H’, s > 0 ona interval [0,t] with t = K~© for ||¢||ys < K. This local 
property may be combined with the invariance of ly to get wellposedness on large 
time intervals [0,7] for data in large subsets of 2. This is the main idea in this 
paper. We proceed as follows. The map a+ a(t) defined by the flow, thus . 


u(x,t) = >> a,(t)e”™ 


Jn] SN 
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where u solves the IVP 
iu; + Ux, + Py(ulul|?~*) = 0 
‘ u(x,0) = Sca,e”™ 
is a measure preserving transformation on Q, 1 which we denote by S. Let Q2°* be 
as above and consider the subset 2; of Q defined by 
OQ, = (A** yn S“Q®K) NN... ASHES) (3.23) 


Obviously, for a € Q), there is wellposedness (with bounds independent of NV’) on 
each subinterval [/jt,(j + 1)t] of [0,7] with corresponding data u(jt), since by 
construction ||u(jt)||; < K. In particular, for a € Q), the corresponding solution u 
of (3.1) satisfies 

lu(t)ls < 2K for ¢t < T. 
Furthermore, the measure 


T 
pv(Q\21) S =H A\Q**) < TKe (3.24) 
by (3.23) and S measure preserving. Fixing 7, (3.24) is small for K — oo. We 
proved 
Lemma 3.25. Let 0 <s < 4,p $ 6,T < 1,6 > 0. There is a subset Q\ of Q 
such that u(Q\Q,) < 6 and for @ € Qi, the solution u of the IVP 
iu; + Uxx + Py(ulul?~*) = 0 


u(x,0) =. >) -ajer"™ (3.26) 
|n| SN 


lula < Cylon (3.27) 


If a,b € Q), the corresponding solutions satisfy for |t| < T and any sy 


satisfies for |t| < T 


T Cy(p,5) 
\\u(t) — v(t Ils, Ss eww -T- (toe ) | \\u(O) a v(0) IIs, ’ (3.28) 


where C;(p,s) is independent of s for p < 6. 

Estimate (3.28) is a consequence of (3.27) and the regularity results from [B1] 
mentioned in Sect. 2 (cf. (2.23)}(2.25)). 

In fact, from (3.27) one has by interpolation with the L*-bound 


uC) Il2 = luCO)Ih2 (3.29) 


an improvement 


T a 
u(t), SC (1085 | for anya > s (3.30) 


(interpolating between L? and H 276), For p < 6, the inequality (3.29) may be 
replaced by 


u(t) oho, S exp [CC.e)- T+ (toes ) ] (0) HOI, G3 
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for a,b € Qi,u(0) = >> ane”, (0) = S- bye”. 

Considering an increasing sequence of times 7; = 2/ and intersecting sets Q, ; 
obtained in (3.26) with measure p(Q\Q, ;) < 2/6, for which (3.27) holds when 
t < T; one gets 


Lemma 3.32. Let 0 < s < $,p $ 6 and 6 > 0. There is a subset Q\ of Q such 
that p(Q\Q,) < 6 and for a € Q, the solution of the IVP 


iu; + Ux, + Py(ulul?-72) = 0 


Wx,0) =>" ae" 
In| SN 


satisfies for allt € IR 


S+ 
lu(e)l|s < C (tog a) (3.33) 


(s+ denotes any number > s). 


4. Flow and Invariant Measure for the NLS (1.1) 


We consider the limits p and yp of the measures py, py defined in Sect. 3 for 
N — oo. Thus p is the image measure under the map 


Jn(@) 2ninx 
amr } ———e , (4.1) 
Xe 27n 


. . . g (w) ani . . 
Since the random Fourier series }),4) So-e°™™ is almost surely in Hj(7) for all 


s < 4, we may view p as a measure on any Hj(m),s < 5; Define yu by 


i Pp 
dp = (er! ¥lr yp, <0) (dao ®dp), (4.2) 


where B is the L*-cutoff (arbitrary for p < 6 and specific if p = 6) and ao =$(0). 
Thus, from Lemma 3.10, a is in L'(dp) (or L*(dp)). 

Denote Ey = [e?""*||n| < N]. If U is an open set in H*,s < 4, one has (cf. 
[Zh2])° 


p(U) = im pr(UN En), 
H(U) = lim py(U 9 Ey). (4.3) 


The NLSE (1.1) is globally wellposed p-almost everywhere. More precisely 
Lemma 4.4 For p S 6, 6 > 0, the IVP 


{ iu; + Ux, + ulul?~? = 0 
u(x,0) = (x) 


© For the first statement, use (4.1) and the almost sure convergence of the series in H* for all 


s< i, which makes the role of the tale negligible. For the second statement, use (42), where the 


density factor is an integrable function of the w-variable. 
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is globally wellposed and 


Peis? 
lu(t)Ilp < C (tog) for alls < 2 


for a set of data ¢ € ® where W(®°) < 6. 
1 


The set ® may be taken compact in H*(z), for all s < 5. 


Proof. We combine Lemma 3.32 and the approximation Lemma 2.27. Fix first 0 < 
s,p<s< +,T < oo and 0, > 0. Clearly for appropriate C(s) the set ®, defined 
by gE ®, if 


IPllas S C(s) (108: (4.5) 


satisfies u(®5) < 0,. Choose N large and apply Lemma 3.32, giving a set 2’ with 
Uin(Qn\Q') < 6; and such that the solution v of 


iv, + Vy + Py(v|v|2-7) = 0 
(46) 


v(x, 0) = iil De 


where (4y)inj<w in Q satisfies for all f 


1 


joe < C (tog) (47) 


Define ©, =[e|(9(1))injxsv € Q’)]. Then (day @p)iilgll, S$ B,9 ¢ G) S 
(day ® pn ){llall2 S Bya € Q'] S un(Qn\Q’) < 5;. Hence, since we assumed the 
density in (4.2) in L*(dap @ dp), also u(®$) S 51. Consequently, except for a set 
of -measure at most 6,;, we may ensure (4.5) and the bound (4.7) for the IVP 
(4.6) with data S°),)<y P(n)err™. 

it 


Applying Lemma 2.27 with A =C (logZ ) . it follows that for those @ the IVP 


iuy + Uy, + ulul?—* = 0 
u(x,0) = 
is wellposed on [0,7] and (2.29) holds, hence 


1 


Iu), <24 = € (og =) 


for |t| < T, provided the right side of (2.29) is < 1, which happens by choosing 
N large. 
Intersecting for an increasing sequence of times, one gets 


u(y < Cy (log) (49) 
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for data u(0)=@ outside a set of j-measure at most 6,. Finally, one inter- 


1 
sects for a sequence s < s. This yields the lemma with bound C, (log tal) " 


The improved bound is obtained as in (3.32), interpolating with the L*- estimate 
|M(A)ll2 = u(O)\[2 S B. 

Observe that from the (local) regularity theorem (Th. 2), one may replace ® by 
its closure in H*, for any s > 0. 


Theorem The measure wt is invariant under the flow of the NLSE (1.1) (4S 
p S$). 


Proof. We already showed that the NLSE is globally wellposed on a K,-set Q (in 
Hf’, for any s < +) of full z-measure. This set is simply the union of the compact 
sets for 6 > 0,4 < o, 


Ks,a = [9 lloll2 S B and |lu(t)]|s 


1+ |¢| 


s+ 
5 ) for all te R,s < : : (4.10) 


< AC, (tog 


where wu is the solution of (1.1) with u(0) = @. 

The flow maps Q to itself. We show the invariance of pw on Q. Denote S the 
time shift @ = u(0) +> u(t) for some time ¢ and let K be a compact in 2. Fix some 
0 <s <4 and denote B, the ¢- ball in H*. Denote Sy the flow on Qy,s C Ey 
considered in Sect. 3, given by Eq. (1.16) thus 


iuN + ul + Py (uN uN |?~*) =0 (4.11) 
for the same time shift u%(0)1> wv%(t). Fix ¢ > 0. From the regularity of Sy in 


H* (independently of NV) and the approximation property (2.27) for S and Sy, one 
gets for some € > 0 and N > M, 


Sy((K +B.) En) C Sy(Pn(K )) + Be, C S(K) + Be, , (4.12) 


€1/2 
thus by (4.3), (4.12), 
H(S(K) + Be.) = lim Un((S(K) + Be) Ew) 2 im bin(Sw((K + Be) Ew )). 


(4.13) 
But since jy is invariant under Sy, 


y(S(K) + Be,) = lim uy((K + Be) Ey) = WK +Be) = w(K). (4.14) 
Hence (S(K)) 2 p(K). Since the flow is reversible, we conclude 
WK) = WS(K)), 
proving the theorem. 
Remarks. (1) It follows from Lemma 4.4 that the Cauchy problem for p S 6 
iu; + Uy, +ulul?-? = 0 


4.15) 
u(x,0) = ao + > age) e2ninx — Pay.co ( y 
n+0 
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is globally wellposed for almost all ap and @, subject to the restriction 


(Ia I? + > itor )’ <B (4.16) 


for a certain constant B, in case p = 6 (for p < 6, the L?-cutoff is arbitrary and 
hence may be ignored in this statement). 


The factor in front of onl) may be changed, considering the measure 


e PHT] d(x) for other values of B. 
Assume p < 6. Then the previous almost sure result also holds after condition- 


ing | 
Pro( Pago) = W(xX)= DF w(nye™™ , (4.17) 


In| SNo 


where yw is an arbitrary trigonometric polynomial. This follows from the precise 
regularity statment (see(3.31)). Consider y > 0 and the set 


Q1 = [(40,W) | ||P (Gayo) — Wilt < 7 (4.18) 


of measure > c(W) - y*#0t? = 6. From Lemma 4.4, there is an (ao,@) € Q; such 
that the solution u of (4.15) satisfies for s < }, 


S+ 
u(t) Ile < C (1 se Len" < C() (tog tt) | (4.19) 


Consider the initial data 


wy) = W ae (Pay,o sp Pyy(Pao,o)) (4.20) 
satisfying 
Pry = W 
and 
lp a Pao olla ay (4.30) 


The Cauchy problem (4.15) for u(x,0) = @(x) will be wellposed on [0,7] as long 
as, Say 


T 
y> exp — <1, (4.31) 


C(p)(s+) 
where t is the local regularity interval thus t~'! = C(p,s) (log 2 ss > 0 
Thus letting s be small enough, (4. 31) may be realized for y — 0. This argument 
easily yields an almost sure property subject to conditioning (4.17), on any finite 
interval, from whence the claim. 


(II) The existence of the invariant measure for the NLSE (1.1), p = 6 yields a weak 
form of the Fermi-Pasta-Ulam recurrence phenomenon. The method folllowed here 
applies equally well to other Hamiltonian NLSE’s provided the nonlinearity does not 
exceed the critical power (roughly speaking). On the other hand, results obtained 
in [B2] (section) permit to show that in this generality for smooth nonlinearity and 
smooth data, this recurrence property may not hold in higher derivatives, which 
may be unbounded in time (unlike the integrable case iu; + mu, + ulu|? = 0). 
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(III) In the 1D-defocusing case, the L*-cutoff and the restriction p < 6 may be 
dropped in the invariant measure construction, as mentioned earlier. 


(IV) The results in [B1] for one and higher dimensional NLSE do not cover nega- 
tive Sobolev indices, which would be necessary to deal with the invariant measure 
problems in dimesions = 2.’ 


Appendix. Invariant Measures and Korteweg de Vries Equations 


The method described in what precedes permits us to treat certain other equations, 
such as the KdV equation 
Uy + Uxxx + UU, = O (1) 


and modified KdV equation 
Uy + Uyyy u?u, = 0 (2) 


(u is real and again space periodic). In general for the equation 


Uy + Uyxy £ u* Uy = 0 (3) 
there is a hamiltonian 
l 1\2 l k+2 
= —_—_______— — i gf , 4 
and (3) is equivalent to 
OH 
uy; = Sr ‘ (5) 


We consider the cases k = 1,2 (which are in fact the integrable ones). For k = 1, 
there is an L*-global wellposedness theorem and for k = 2 a local wellposedness 
theorem in H'/? (see [B2]). Up to a slight adjustment for k = 2, this regularity the- 
ory enables us to repeat the argument used for NLSE to get the invariant measure 
and, for k = 2, the regularity of the flow almost everywhere on the statistical ensem- 
ble. For k > 2, I only dispose presently of an H'-theorem, which is insufficient in 


this discussion, The Gibbs measure e~4@) = eturneral@™ . oH OT] .dg(x) 
is under some L’-cutoff (L? is a conserved quantity) normalizable for k = 1,2 and 
the normalized measure is again essentially the Wiener measure with some weight. 
For k = 2 and — sign in (3), no L?-cutoff is needed. Thus one needs at least local 
wellposedness results for data in H°(T), for some s < , to make previous method 
work. 

Fix again a large positive integer N and consider the finite dimensional model 


Uy + Uy xx + Py(uu*) = 0 (6) 


with 


Pyvd = Xy $(nye™ 


[nf sn 


7 The author has recently extended the results to the cubic 2D-defocusing NLS iu, + Au = ulu|? — 
2(f{|u|*)u obtained by Wick ordering of the nonlinearity. The Gibbs measure constructed from the 
Wick ordered |¢|*-Hamiltonian is invariant under the (well-defined) flow of the equation [B3]. 
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and | 
b= Sane. <ara4->. (7) 
|n| <N 
Again the technique from [B1] permits for k = 1, say, to obtain uniform regularity 
estimates for (6) and approximation of the solution of the IVP 


Ut + Uxxy + UU, = O 
{ (8) 
u(0,x) = P(x) 
from the solutions of 
Uz + Vix + Py(vv,) = 0 
‘ (9) 
v(0, x ) = Py P(x) 


when NV — oo, assuming @ € H*,s > 0. See [B1], Sect. 7. 

In the model (6), the phase space is 2N +1 dimensional and the invariance 
of the measure follows from Liouville’s theorem (the reader may find a systematic 
expression of these matters in a more general context in [Bid]). Thus for k = 1, 
the situation is analogous to the cubic Schrdédinger equation and there is essentially 
no extra work. For k = 2, there is the problem again that the regularity theory is 
local and moreover in H'/?(see [B1], Proposition 8.45), which is borderline for the 
Wiener space. 

The purpose of what follows is to indicate how to rework the arguement leading 
to Proposition 8.45 in order to gain on the +-Sobolev exponent. We repeat some 
steps from [B2], Sect. 8. Thus we consider the IVP 


Ou + Ofu + u?d,u = 0 
{ (10) 
u(0,x) = (x) 
u periodic in x. 
Define 
c= fb(xPdx, (11) 
and consider the linear equation 
Ou + Ou +cd,u = 0. (12) 
The solution for initial data u(x,0) = W(x) may be written as 
u(x,t) = SeW(x) = Lom (njelrer 9 (13) 
n€Z 
Consider the integral equation 
t 
u(t) = Sif + [S(t — t)w(t)dz, (14) 
0 
Where 
w= |—u? + fist) Oyu. (15) 
T 


The IVP (10) is equivalent to the fixpoint problem naturally arising from (14), (15). 
Written in fourier transform, one has 
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tAt __ ei(n® —cn)t 


u(x, t) = Tomer ete dem fw(n, Nd 5 (16) 
where 
De ] a r a 
w(n, 4) = 3 »: n fu(ny, Ay )u(no, Ay )u(n3, A = Ay = A )d hyd hy (17) 
ny tng + eet n3+n, +0 
= n fu(n, A )u(n, Ar )u(—n, A ars Ay = Ay )d dy d hz ‘ (18) 


Fix indices 0 < s; < 5 < s. < 1 and consider following replacement of the norm 
(8.26) in [B2]: 


2 2 
el” =Ulleells, 59 


=I (1 Ft |nl*"1) fda + [A — n? + cn|)|u(n, A)? (19) 
neZ 
+ 1 + InP) (flan, Aaa)” (20) 
+ sup(1 + |n|**?) saa + |A —n? + en|)|u(n, A)? + (flan, 2)\a2)") 
(21) 
The contribution of the first term of (16) to this norm is 
I llasve + sup(1 + |nl") 1601 (22) 


Observe that for elements of our statistical ensemble, i.e. of the form yD ein, 
{gn}n>o independent complex Gaussian random variables, g_, = g,, the choice of 
51,82 implies that (22) is almost surely finite, more precisely (22)< K except on a 
set of measure < e~°K (as in the discussion of the NLSE). 

For the second term in (16), there are following contributions to the norm: 


jon, ADP? 


(19) Le Saa + die eae ceeT (23) 
i inn, A)| : 


- lo(n, A)/? w(n, Ay) \? 
QQI)od + |n|? | Jaa ot Ue) . (25) 


The key arithmetical fact underlying the estimates is the identity 
(ny +n + n3)° — nj — n3 — N3 = 3(n, + n2 (nz + n3)(n3 +71) (26) 
implying in particular that for 2 = 4, + 4. +43,n =m +m +h3, 
max(|A — n° + cn, {Aj — nj + enj|(1 S i S 3)) & [my + o| [m2 +13] |n3 + av 


If none of the sums n; + 2,2 + 13,n3 +n, vanishes, there are following possibil- 
ities: 
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At least 2 factors in (27) are ~ max(|m;| + 2| + |n3|) and hence 
(27) & (\m| + |na| + |ns|), (28) 
|my| ~ |n2| ~ |n3 and at least 1 factor in (27) is ~ max(|n|,72|, |\n3|), hence 
(27) 2 |mi| + |no| + [ns]. (29) 
We will make use of following L°-estimate (cf. (8.37) in [B1]) 


3 
~ An e2mi(nxt(n cn)t) 
No <n<Not+N 


< N* (SSlan|2) 1” 


L§(T?) 


(30) 


Proof of (30). Writing nx + (n° — cn)t = n(x — ct)+n°t and making a change of 
variable, this is clearly equivalent to 


3 1/2 
‘> An eilnxtn t) 


No <n<Not+N 


<K NF (So lan’) (31) 


Writing || f lls = || £3||4°, one needs to bound the number of integer solutions of the 
system 


x+ty+t+z=a-—-3N =a 
{ y 0 1 (32) 


(No+xpt(NMotyp~t(N+ZyP =b 


for given a,b and restricting x, y,z to {0,1,...,N}. This gives following equation 
in x, y: 


—3xy(x + y) + 6No(x? + y? +xy) + 3ay(x + yy — (6Noa; + 3a? (x +y)=b, 


(33) 
with 
by = b —3Np — 3Nea1 + 3a;No — 4; 
Denote 
X=x+y 
{ Y=x-y (34) 
and rewrite (33) as 
] 
—XY + (ay + 2No)X? — 2NoY — ay(2No +41 )X + 31: (35) 


Multipy both members with a; + 2No and put X; = (a; +2No)X to get 
] 
—X,Y + X7 — 2No(a, + 2No)Y — a;(a, + 2No)X1 = zOa + 2No) (36) 


which easily reduces to the form 
) Cw fae (37) 


by one more change of variable. If log No < logN, one has logdA < logN and 


counting divisors gives a bound exp ocean < N® on the number of pairs (X), Y2), 


hence (x, y) satisfying (33). If log No >> log N, it easily follows from (33) that 
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6(x? + y? +. xy) — 6a;(x + y) | (38) 


equals xt +O (4) = xt +o(1), hence may only take | value. In this case, the 


problem clearly reduces to lattice point counting on the oval X¥* +3Y* =A with 
A SN’, from where again the N° bound on the number of pairs (x, y). Conse- 
quently (32) has only < N* integer solutions, proving the lemma. 

We now return to the expression (23), (24), (25), with w given by (17}{18). 
consider first the contribution of (17) to w(n, A). 

Estimate (23) by duality. Thus {d(n, A)} satisfies 


d(n,A) 20 and > fd(n,4)*di S 1 (39) 
n€Z 


and we consider the expression (s = 5; ) 


‘> (1+ [ny +N + n3|)'* fddayddadag 
n : io. 


d(ny + nz +73, 4, + A2 + 3) 
1+ Ay + An +43 —(m + nn +1713) — cC(m + ng +73)|1/? 


c(nm, A ) C(N2, Az) c(n3, A3) 


a 40 
[Ay a n + cn; |!/2 |A> as n3 + cny|'/2 |A3 = n3 + cn3|*/2 ( ) 
denoting 
c(n, A) = (1+ |A — 13 + en|)!? |ti(n, A)}. (41) 
Thus from (19) 
1/2 
[Syaacr + pi ocn.297] Hl (42) 


Assume (28) holds. Proceeding as in [B1], Sect. 7, one of the 4 denominators 
in (40) takes care of a factor |m,| + |m2| + |n3|, the remaining (|m| + |n2| + 73|)° 
is multiplied with c(n;, A;) if |n;| = max({n|, |n2|, |n3|). The new expression (40) is 
then formulated as the (x, t)-integral of 4 functions, belonging to 17, L°, L°, L®. This 
requires a cutting up of the x-Fourier transforms in intervals of appropriate length 
and the use of (30). It is the same reasoning as applied in [B1] for the NLSE in 
dim 1 say, when p = 6 and hence the L°-bound just fails. Thus at this stage, we 
only need s; > 0. 

Assume (29) holds. Then |”, ~ |m2| ~ |n3| and one of the 4 denominators 
in (40) is at least (m + |nz +73|)'/?. The remaining (|m| + |mo| + |n3|)'2t° ~ 
|, |8*3 |np|8*5 |n3|673 is multiplied with the c(n;, A;) factors. The L? — L° — LS — L° 
estimate is thus applicable provided s; > t+ 3, hence s; > t. In this case, in- 
equality (30) may be used directly, without interval partitioning, since 1,| ~ n2| ~ 
\73]. 

To estimate (24), consider a system {d(n)}nez 


d(n)20 YVid(ny S1 (43) 
and replace in (40) the first factor by 


d(n) 


perme eee eee 44 
1+ |A—7n3 + cn oy) 
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Proceeding as in [B1] one can essentially perform the same estimates as for (40), 
since a denominator |A — n° — cn|'/* could in fact be replaced by |A — n? — cn|!/2-* 
(where t > 0 depends on s,) in the L°-estimate. 

We consider next the contribution of (17) to (25). Assume |n,| = max(|n;|;i = 
1,2,3). If |m;| ~ max({n2|,73|), the previous analysis is already conclusive, since in 
case (28), the value s in (40) may be taken to be 2s; — € and in case (29) provided 
, +s < 3s,. Hence, letting s; = x, a value of s. > d is obtained. Consequently, 
assume |7,| >> max(|M|, |73]). | 

Consider a system {d(A)},d(A) = 0, [d(A)’dd S | and estimate the square root 
of the first term of (25) by | 


(d+ |m|)'t? SS fdaddodds 


ny +nzy+n3=n 
d(A) c(m, 41) c(N2, Az) c(n3, 43 ) 
1+ |A—n3 + cn|!? 14 [Ay — 73 + cn)|!/? jap — 13 + cnp|!/? [a3 — n3 + cns|!/? 


(45) 
where 1 = 1; + Ap + 13. Since we have case (28), one of the denominators is at 
least |n,| |nz +n3|'/. 

Case (i): |A — n> + en|'/? > |ny| |nz +. 73|'/. 
Write (45) as 


en lu(n2, Az )| [u(ns, As)| 
¥.  fdAyddgdds {a “(1+ pan) Aa ml 


ny +ng+n3=n 


; , (46) 


where {(1 + |my|)*2{u(m1,A1)|} is controlled in CreLhs taking into account the 
second term in (21), {(1 + |m|* )lu(n2, Az )I} and = {(1 4+ |n3|*! )[u(ns, A3)|} 


are in ¢2L! by (20). Consequently je »Ag)| 1u(n3, 43) 


. . 1 j . 
cenit \ is iN Ch n,L4,,, Provided 


sa is in 72, which is the case for s; > 4. 
nin ny —n3|'/2 Zu3 
203 nz,n3z>0 


Case (ii): [Ay — 3 +. emy|"? = |ny| |n2 + 13|!/?. 
Write (45) as 
Ju(n2, Az)| [ulns, 3 )| 
1+ |ng+n3|'/? 
(47) 
° ww F oa ; a e i 2 . 
Here again 5 Hetaedadl tr J \ is in Lily, ay3 for fixed A, 43, {d(Ay + Az + A3)} is 
in L4, and (1 + |m|)*e(m,A1) in L3, and ¢7°L7 and thus the product in Cae 


XS. fdayddgdds calee 


C1 + |m|)?c(m, Ar) 
ny+ng+n3=n ise |A = a cn|!/2 


Case (iii): |A, — n3 + np|'? = |ny| |n2 +73|'”. 
Write (45) as 


d(A) 
mariner eee TTT wi + onli? 
am Ny, A ee 
(1+ fal), Aa )| 2) ats, 4s) (48) 


1+ [12 + n3|1/2 
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where {(1 + |m|*? lum, Ai]} is in PPPL) {C1 + |mo, [8 Joma, A2)} im Lay 


1 
{(1 + | + fns|" )f@((ns, As )|} in Z3,L4,. Again { 
fixed Ai, 43, {d(Ay i Az ae A3)} is in Li. 
This completes the analysis of the contribution of (17) to the first term in 


(25). Clearly the preceding yields also the estimate on the second term, since the 
denominator |J — n° +cn| was not used except in case (i) above where d(A) is 


replaced by ee aa 
Next analyse the contribution of (18) to w(n, 4). It is clear that (23), (24), (25) 
are bounded by (57, (1 + |n|)*2 fd|w(n, ary”, hence, from (18), by 


in|" [ng | ae} 18 I Chops» For 


In|**2 a(n, A1)| (a(n, a) ie —n, A — Ar — 22) (49) 


in 77,151), ,,- The factors {|n|*'{w(n, A1)|}, {|nl"2 [am, A2)|}, {|nl°2 (a(n, A)|} are re- 
spectively in Mimealmeese by (20), (21). Hence, it suffices to ensure that 


8, +25. > 1+52, hence s} +52 > 1. (50) 


With s; = x82 = (cf. above) this is clearly satisfied. 
From the preceding, it follows that the transformation 


ur> S(t)od + psc — t)w(t)dt;w = [—u? + fudx| Oyu, (51) 
0 


@ with small (22)-norm, maps a ball in ||||l|,, ,,-space into itself and acts as a 
contraction there (proving the contractive property is a straightforward variant of the 
previous argument), for certain 0 < sy < < s. < 1. To deal with general data 
(without) smallness assumption, one exploits small time intervals [0,7], to gain an 
extra factor 1°, for some 6 > 0, on the second term in (51). This is possible, since 
in fact, as a consequense of (30), there is for ¢ > 0 some p(e) > 6 Satisfying 


y. oe™ [dle a(n, A) 


No <n<No+N 


LP(T)L? (loc) 


1/2 
CN* [= sara £ A=" + enn.) (52) 


This is easily derived from (30) if log(1+|A—7n*+cn|) S logN, breaking up 
in level sets |A—n>+cn—hk| S 1. If log|A—n°> +cn| > logN, simply use a 
Hausdorff-Young inequality. 

Details on these matters appear in [B1] in the discusision of the NLSE. This 
yields us a local wellposedness result for periodic modified KdV (10) with data @ 
satisfying 


Plls.so = UPllasrcay + sup(1 + [nl 162) < 00 (53) 


for certain 0 < s; < ; < 5s, < 1. The time interval [0,t] depends again on the 
size ||@l|s,,s, of the data in a polynomial way. As mentioned earlier, ||@J|s,,5. < K 


cK? 
on a subset Q,,s,.x of the Wiener space with complementary measure < e~* . 
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This discussion yields all elements to carry out the scheme of proof used for the 
NLSE with p > 4 in the case of modified KdV, with the same conclusion. 


Theorem 2. The Gibbs measure for KdV and modified KdV on the statistical en- 
semble (with some L?-cutoff if necessary) is invariant under the flow. The equations 
are wellposed (globally) almost everywhere on the ensemble. 
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